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Abstract 

In our previous paper we have introduced a notion of viscosity solutions for 
path-dependent fuUy nonlinear PDEs, extending the semilinear case of [5 , which sat- 
isfies a partial comparison result under standard Lipshitz-type assumptions. The main 
result of this paper provides a full wellposedness result under an additional assumption 
formulated on some partial differential equation defined locally by freezing the path. 
Namely, assuming further that such path-frozen standard PDEs satisfy the compari- 
son principle and the Perron approach for existence, we prove that the path-dependent 
nonlinear PDE has a unique viscosity solution. Uniqueness is implied by a comparison 
result. 
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1 Introduction 



Consider the fully nonlinear path-dependent parabolic partial differential equation defined 
on the space of continuous paths ^ = {uj £ C^{[0,T],M.'^) : uq = 0}: 

{ - dtu - G{.,u,d^u,dl^u)}{t,uj) = 0, t<T, uen, 

for some progressively measurable nonlinearity G : [0, T] x $7 X M X M'^ X S'^, where E>'^ is the 
set of symmetric matrices of size d with real entries. Such equations were considered first 
by Lukoyanov [13J in the first order case, and discussed by Peng p!71 [T8]. 

A smooth process {t,uj) > — > u{t,uj) is defined as a progressively measurable process such 
that the Dupire [1] time-derivative dtu exists and is continuous, and n is a semimartingale 
under a convenient family of nondominated singular measures with decomposition du = 
dfudt -\- \d'^^ud{B) + d^judBt, where B denotes the canonical process. 

When the nonlinearity G is semilinear, i.e. linear with respect to the S^^u— component, 
the theory of backward stochastic differential equations, started by Pardoux and Peng |16j . 
provides a wellposedness result for (jl.ip in a strong sense imposing the existence of the space 
gradient dcaU in a convenient functional space. For a special class of fully nonlinear maps G, 
a similar theory was developed by means of second order backward stochastic differential 
equations introduced by Cheridito, Soner, Touzi, and Victoir [Ij, Soner, Touzi and Zhang 
[20] , and the closely related G-BSDEs of Hu, Ji, Peng and Song ^. 

Our objective in this paper and the accompanying one is to relax the strong require- 
ment of existence of the space gradient in the theory of backward stochastic differential 
equations and its various extensions. To do this, we follow the classical theory of viscosity 
solutions of partial differential equations, introduced by Crandall and Lions [2], see [3] for 
an overview and [8] for a pedagogical presentation. The main difficulty is that the classical 
finite-dimensional theory of viscosity solutions is strongly based on the local compactness 
of the underlying space. Since the space of continuous paths does not satisfy this condition, 
our main contribution is to introduce a definition of viscosity solutions which circumvents 
this major difficulty. This is achieved in [5] and [7] by replacing the pointwise extremality 
in the standard definition of viscosity solutions by the corresponding extremality in the 
context of an optimal stopping problem under nonlinear expectation. In the fully nonlinear 
case, the delicate analysis of such optimal stopping problems is reported in our paper [6]. 

This paper is a continuation of [7], and contains the main wellposedness theory for 
the above path dependent PDE under convenient assumptions. Our starting point is the 
partial comparison result established in [7] which states, under fairly general Lipschitz- 
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type conditions on the nonlinearity G, that for any bounded viscosity subsolution u and 
supersolution with < u'^, we have < v? on [0, T] x 17, provided that one of 
them is smooth. Then, similar to the approach of [5] in the semihnear case, we use the 
Perron approach to construct a viscosity solution on one hand, and to prove that the 
comparison result of bounded viscosity subsolutions and supersolutions holds true without 
the requirement that any one of them is smooth. While the corresponding wellposedness 
results in the semilinear context of \h\ relie on the representation of the solution of (jl.ip 
by means of a backward stochastic differential equation, we introduce a new argument in 
this paper which builds upon the local wellposedness of the path-frozen partial differential 
equation. The path-frozen PDE is defined locally on the finite dmensional space M'^, so that 
the last wellposedness assumption is related to the standard theory of viscosity solutions as 
in [3]. 

Our wellposedness results cover path dependent PDEs which are not accessible in the 
existing literature on backward stochastic differential equations. For instance, the nonlin- 
earity G does not need to fulfill the strong requirements of second order backward SDEs 
(e.g. convexity in the S^i^u— component) Another example is the general class of backward 
stochastic partial differential equations, which appear naturally in many applications, see 
e.g. Ma, Yin and Zhang |14] on non-Markovian FBSDEs, and Oksendal, Sulem and Zhang 
|15j on stochastic control of SPDEs. 

The rest of the paper is organized as follows. Section [2] introduces the general frame- 
work, and recalls the definition of viscosity solutions introduced in our accompanying paper 
[7J. The main results and the corresponding assumptions are reported in Section [31 To 
prepare for the proof, we start by providing in Section [5] a stronger partial comparison re- 
sult extending that of [7J. Section [5] is devoted to the proof of the comparison result, which 
implies uniqueness. The existence result is proved in Section EJ Finally, Section [7] provides 
some sufficient conditions for our main assumption under which our wellposedness result is 
established. 

2 Preliminaries 

2.1 The canonical spaces 

Let := {a; e C([0,T],M'^) : wq = O}, the set of continuous paths starting from the 
origin, B the canonical process, F the filtration generated by Pq the Wiener measure, 
and A := [0, T] x Vt. Here and in the sequel, for notational simplicity, we use to denote 
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vectors or matrices with appropriate dimensions whose components are all equal to 0. Let 
S'^ denote the set of d x d matrices, and 

X ■ x' := Yli=i ^i^i for ^iiy ^)^' € ^^'^j 7:7':= Trace[77'] for any 7,7' G S'^. 
We define a norm on J7 and a metric on A as follows: for any {t,u}), (t' ,uj') G A, 

:= sup d^o {{t, u;), {t' ,uj')) := \t - t'\ + \\uj,m - ^'aAt- (^•^) 

0<s<t 

Then {Q, \\ ■ \\t) and (A, doo) are complete metric spaces. We denote by C^{A) (resp. UC{A)) 
the collection of all continuous (resp. uniformly continuous) progressively measurable pro- 
cesses on A with respect to doo. The corresponding subspaces of bounded processes is 
denoted C^°(A) and UCb{K). Moreover, we denote by C°(A,R'^) the space of R'^-valued 
processes whose components are in C'^(A), and define other similar notations in the same 
spirit. 

Definition 2.1 ByU_, we denote the collection of all ¥ -progressively measurable processes 
ti : A — )• M such that u is hounded from above and 

- for all oj G Q, 1 1 — > u{t,uj) is cddldg with positive jumps, 

- there exists a modulus of continuity function p such that for any {t,uj), (f ,uj') G A; 

u{t,uj) — u{t' ,uj') < p(^doo{{t,uj), (t' ,uj'))^ whenever t < t' . (2-2) 
By U we denote the set of all processes u such that —u G 

The progressive measurability of u implies that u{t,uj) = u{t,iLi./^t), and it is clear that 
U D U = C/Cfe(A). We also recall from [6] Remark 3.2 the redundancy in the above 
assumption that Condition (12.21) implies that X has left-limits and positive jumps. 

We next introduce the shifted spaces. Let < s < t < T. 

- Let 0* := jo; G C([t,T],M'^) : ci;^ = 0} be the shifted canonical space; the shifted 
canonical process on il*; F* the shifted filtration generated by B^, Pq the Wiener measure 
on n^, and A* := [t,T] x il*. 

- Define || • ||s on ri*, doo on A*, and C°(A*) etc. in the spirit of (pT]) and Definition [2Tl 

- For uj £ and G il*, define the concatenation path oj ®t^' ^ by: 

{u®t^'){r) ■=^^A[s,t){r) + {^^t + i^'r)\t,T]{r), for all re[s,T]. 

- Let s G [0,T) and uj G Vl^. For an /j.-measurable random variable an F^- 
progressively measurable process X on fi^, and t G (s,r], define the shifted J^-measurable 
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random variable and F*-progressively measurable process X*''^ on by: 
^*''^(a;') := ^{u u'), X*''^{co') := X{uj (^t oj'), for all u' € 

It is clear that, for any {t,uj) G A and any u e C°(A), we have ■u*''^ G C''(A*). Similar 
property holds for other spaces introduced above. 

Finally, we denote by T the set of F-stopping times, and H C T the subset of those 
hitting times H of the form 

H := mf{t : Bt G O"} Ato = mi{t : d{LOt, O") = 0} A io, (2.3) 

for some < < and some open and convex set O dW^ containing 0. The set % will 
be important for our optimal stopping problem, which is crucial for the comparison and the 
stability results. We note that H = to when O = W^. Moreover, 

H > 0, H is lower semicontinuous, and Hi A H2 G H for any Hi, H2 G %. 

Define T* and %^ in the same spirit. For any r G T (resp. H G %) and any {t,u) G A such 
that t < t{u) (resp. t < H(a;)), it is clear that r*''^ G T* (resp. H*'" G V}). 

2.2 Capacity and nonlinear expectation 

For all L > and t G [0, T], let denote the set of probability measures P on il* such 
that there exist F*-progressivcly measurable M'^-valued processes , an S'^- valued process 
0^ , and a d-dimensional P-Brownian motion W"^ satisfying: 

<L, ()<P^ < V2LId, dBt = pfdW^ + a^dt, P-a.s. (2.4) 

and we define := \Jl>o^l- "^^^ induces the following capacity: 

C^[A]:= sup F[A], for all A e T^. (2.5) 

We denote by lJ-{Tj,,V\} the set of all J^— measurable r.v. ^ with suppg^t^ ^''"[ICI] < 
The following nonlinear expectation will play a crucial role: 

[C] = sup E^e] and £i[i]= inf E^^] = K] for all ^ G L^(J-^, 7^1). (2.6) 
Pep* PePi 

Definition 2.2 Let X he a progressively rn,easurable process with Xt G lJ-{Ft.,VL)- We say 
that X is an £^ —supermartingale (resp. subrnartingale, martingale) if, for any {t,oj) G A 
and any r G T^, sflXr'^] < (resp. >,=) Xt{u!). 
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We now state the Snell envelope characterization of optimal stopping under the above 
nonlinear expectation operators. Given a bounded progressively measurable process X, 
consider the nonlinear optimal stopping problem 

5f[X]H:= supff[X*'-] and := inf [X*'-] , (t,a;) G A. (2.7) 

rGT* 

By definition, we have S^[X] > X and = X^- 

Theorem 2.3 ([6j) Let X e H be bounded, u e Ti, and set Xt ■= Xtl{t<H} + -'^H-l{t>H}- 
Define 

Y := [X] and t* := inf{i > : Yt = Xt}. 

Then 1^* = Xr* , Y is an £^ -supermartingale on [0,h], and an £^ -martingale on [0,r*]. 
Consequently, r* is an optimal stopping time. 

2.3 The derivatives 

For s S [0, r), u G C'^(A*), we define its right time-derivative, if it exists, as in Dupire [3]: 
dtu{t,uj) :=lim^ t£ [s,T) anddtu{T,oj) := limdtu{t,Lo). (2.8) 

hiO h t\T 

We next recall from our definition of smooth processes, and we notice the difference with 
[5]. For H G denote 

A*(h) := {{s,uj) £ A:t < s < H(a;)} and A*(h) := {{s,u)) £ A : t < s < H(a;)}, 

and we drop the t superscript whenever t = 0. We define the spaces C'^(A*(h)) and 
C'^(A*(h)) in a natural way. Moreover, since A*(h) is an open subset of (A*,doo) and, 
for u : A*(h) M, {t,io) G A*(h), the time derivative dtu{t,io) is weh defined by (|2.8p . 
whenever the limit exists. 

Definition 2.4 We say u G C1'2(A*(h)) if u G (7°(A*(h)), dtu G C°(A*(h)), and there exist 
d^u G C°(A*(h),M°'), dl^u G C7°(A*(h),S^) .such that, for any (s,a;) G [t,T) x u'''^ has 
the following decomposition on A*(h); 

du'''^ = {dtuY'^^dt + {d^uY^^^ ■ dB' + ^{dl^uY'^ ■ d{B-'), ¥-a.s. for all P G P^. (2.9) 
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We define Ci'2(A*) := C^^^{A\T)). It is clear tliat, for any and u G C^'^{A), we 

have u^'^ E C^'^{A^). 

By a direct localization argument, we see that the above d^jU and d'^^u, if they exist, 
are unique. Consequently, we call them the first order and second order space derivatives 
of u, respectively. 

For technical reasons, we shall extend the space C^'2(A) shghtly as follows. Let O CR'^ 
be an open and convex set containing and define Hj := H*'*^ by 

Ho:=t, Hi+i := inf{s > H, : - Sh, ^ 0} A T, i>0, (2.10) 

One can easily check that 

Lemma 2.5 For each i, B^^^^'^ G H^^^^'^ . Moreover, the set {i : }li{uj) < T} is finite for 
each uj, and limi_i.oo C/'[Hj < T] = for any L > 0. 

Definition 2.6 Let t G [0, T], n : A* — > M. We say u £ C'-'^'^(A*) if there exists an open and 
convex set O C M.'^ containing such that, for the Hj in (j2.10p and for each i, 

(i) uH^H.'^ e (71'2(Ah«H(h";^-['^'")), andu,dtu,d^u,dl^u are all bounded on [0,Hi); 

(ii) there exist a partition {Ej,j > 1} C J-u^ of Q and S UC(A) with a modulus of 
continuity function p^, which may depend on i but does not depend on j, such that 

ti(Hi+i,tj) =^ [99^-(Hi,5) + V'i(H,+i -Hi,5H,+. -ShJ ^Ey (2-11) 

We note that the space (7^'^ (A*) here is slightly different from that in [5] and that in [7]. 
In particular, the technical requirement (j2.1ip is mainly for the partial comparison principle 
Proposition 14. II below. For u £ C ' (A*) and P G it is clear that the process u is a local 
P-semimartingale on [t,T], a P-semimartingale on [0, Hj] for all i, and 

dus = dtusds + ^dl^us : d{B^)s + d^Us ■ dB^ t < s < T, P-a.s. 
2.4 Path dependent fully nonlinear PDEs 

Following the accompanying paper |7j , we continue our study of the following fully nonlinear 
parabolic path-dependent partial differential equation (PPDE, for short): 

£u{t,oo) := {-dtu-G{-,u,d^u,dl^u)}{t,oo) = 0, (t,w)GA, (2.12) 

where the generator G:AxMxR'^xS'^— t-M satisfies the same conditions as in [7j: 
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Assumption 2.7 The nonlinearity G is nondecreasing in 7 and satisfies: 

(i) For fixed (y, 7), G{-,y, z,j) is ¥ -progressively measurable, and |G(-,0, 0,0)| < Cq. 

(ii) G is continuous in {t,uj) under doo- 

(iii) G is uniformly Lipschitz continuous in {y,z,^), with a Lipschitz constant Lq. 

However, for our main wellposedness result, we shall also use the following stronger 
regularity requirement: 

Assumption 2.8 G is uniformly continuous in {t,uj) under doo with a modulus of conti- 
nuity function pQ. 

This condition is needed for our uniform approximation of G at below. We should point 
out though, for the semi-linear PPDE and path dependent HJB considered in [7] Section 4, 
this condition is violated when a depends on uj. We shall address this issue in some future 
research. 

For all L > 0, {t, w) G A with t < T, and bounded F-progressively measurable process 
u, define 



Definition 2.9 (i) Let L > 0. We say u (resp. U) is a viscosity L-subsolution (resp. 
L-supersolution) of PPDE h2.12\) if, for any {t,uj) G [0, T) xQ, and any ip G A^u{t,oj) (resp. 
(f G A^u{t,uj)): 



(ii) We say u £U_ (resp. U) is a viscosity suhsolution (resp. supers olution) of PPDE \2.12\l 
if u is viscosity L-subsolution (resp. L-supersolution) of PPDE i2.12\) for some L > 0. 

(iii) We say u G UCb(A) is a viscosity solution of PPDE \2.12^) if it is both a viscosity 
subsolution and a viscosity super solution. 

3 Main results 
3.1 Path-frozen PDE 

For any (t,w) G A, define the following deterministic function on [t, 00) X M X M'^ X S'^: 




where S and Sj" are the nonlinear Snell envelopes defined in (j2.7p . 



{_5^^_G'*'-(.,u,9,<^,c>l(^)}(t,0) < {resp.>) 0. 



fi'*''^(s, y, z, 7) := G{s A T, w.At, y, z, 7). 
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For any e > and r] > 0, we denote := (1 + r/)T, and 

Oe := {x G M*^ : \x\ < e}, := {x G M"^ : |x| < e}, 80^ := {x G M'^ : |x| = e}; 

(3.1) 

Of'" := [t,T,) X Os, Ot'' := [t,T,] x O,), SOf''' := ([t,r,] x 90,) U ({T,} x O,), 
and we further simplify the notation for 77 = 0: 

Of := of, Ol := of, dOf := dOf. 

Our additional assumption is formulated on the following localized and path-frozen PDE 
defined for every {t, u)) £ A: 

(E)*'';; L'''^v:=-dtv-g''^{s,v,Dv,D\) = on Of'". (3.2) 

Notice that for fixed {t,u), this is a standard deterministic partial differential equation for 
which we now assume some wellposedness conditions. 

Assumption 3.1 For any e > 0, r/ > 0, {t, co) G A, and any h G C^{dOf), we have v = y_, 
where 

v{s,x) := inf I w{s,x) : w classical supersolution of (E)*'"^ and w > h on dOf >, 

r ' .1 ^^-^^ 

v_{s,x) := sup < w{s,x) : w classical suhsolution of (E)^'"^ and w < h on dOf >. 



We first note that the above sets of w are not empty. Indeed, one can check straight- 
vardly that, for any 5 > and denoting := '^o+^o\M^ + Lq, 

w{t,x):=\\h\\^+6e'''^^-'\ w{t,x) := -\\h\\^ - 6e^''^''-'\ (3.4) 



satisfy the requirement for v{s, x) and v{s, x), respectively. We also observe that our defini- 
tion of V and v ()3.3p is different from the corresponding definition in the standard Perron's 
approach, in which the u; is a viscosity supersolution or suhsolution. Loosely speaking, 
assuming that the comparison result holds for the equation (E)e_'^j, our Assumption 13.11 (ii) 
requires that the viscosity solution of (E)*'^"^ can be approximated by a sequence of classical 
supersolutions and a sequence of classical subsolutions. We shall discuss further this issue 
in Section [7] below. In particular, we will provide some sufficient conditions for Assumption 
[Qto hold. 

For later use, we show that Assumption 13.11 implies the wellposedness of (E)*'^'^. 



Proposition 3.2 Let Assumptions \2.1l\ and \3.1\ hold. Then, for all e > 0,r] > 0, {t,tj) G A.- 
(i) Letv^,v'^ G C'^(Of'") be viscosity suhsolution and supersolution, respectively, of the PDE 
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(E)*'"^ with < on dOt'"^. Then < v"^ in O^'''. 

(ii) The PDE (E)*''^, with boundary condition defined by an arbitrary function h E C^{dO^'^) , 
has a unique viscosity solution v = v = v. 

Proof (i) First, by the same argument as Step 1 of the proof of Proposition 5.1 in [7], we 
see that the partial comparison principle holds for (E)*''^) under Assumption 12.71 That is, 
if or v'^ is in C^'^(d)^'''), then < in O^'''. Now for general viscosity subsolution 
and viscosity supersolution u^, by partial comparison principle we have <v and v_<v^. 
Then it follows from Assumption 13.11 that <v = v_<v^. 

(ii) By standard arguments, see e.g. Proposition 16.21 below for path dependent case, one can 
show that V and y_ are viscosity supersolution and subsolution of PDE (E)*'"^ with boundary 
condition h. Then t> := U = v is a viscosity solution, by Assumption 13.11 The uniqueness 
follows from the comparison principle. ■ 

3.2 Wellposedness 

Assumption 3.3 ^ is uniformly continuous inuj under \\-\\t with the modulus of continuity 
function pQ. 

The main result of this paper is: 

Theorem 3.4 Let Assumptions \2. Tj [KR \3. 1[ andlTEhold true. 



(i) Let be a bounded viscosity subsolution and a bounded viscosity supersolution of 
PPDE (KM with u^{T, •) < C < u'^{T, •)• Then < on A. 

(ii) The PPDE (|2.12p with terminal condition has a unique viscosity solution u G UCb{A). 

The proof is reported in Sections \5\ and A key ingredient is the partial comparison 
result, proved in Section HI which extends the corresponding result in Theorem 5.3 of [7] to 
the set C^'^(A). 

Remark 3.5 In [7] Section 6, we transformed backward stochastic PDEs into a PPDE. 
It is straightforward to translate the assumptions in Theorem 13.41 to that setting and thus 
obtain the wellposedness of viscosity solutions of BSPDEs. ■ 

3.3 A change variable formula 

We have previously observed in [7J, Proposition 3.14, that the classical change of variable 
formula is not known to hold true for our notion of viscosity solutions under Assumption 
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12. 7i We now show that the additional Assumption 13.11 allows to prove that the change of 
variable holds true. 

Let u G C(|'^(A) and <I> G C^'^([0,r] x M). Assume ^ is strictly increasing in x and let 
\I' denote its inverse function. Define 

w{t,uj) := ^{t,u{t,u})) and thus u{t,u}) = ^{t,w{t,uj)). (3.5) 

Then 

dtu = + "^xdtw, d^u = ^xdu,w, dl^u = "Hxxid^wf + ^^dl^w. 
One can check straightforwardly that 

Cu{t^(jj) = x{t,w{t,uj))Cw{t^oj) and Cw := —dtw — G{t,u,w,du,w,d'^^w), (3.6) 

where 

G r,a;,w,2;,7 := — r . 

Note that ^ is increasing in x and > 0. Then 
Proposition 3.6 Under the above assumptions on ^: 

(i) u is classical solution (resp. supersolution, suhsolution) of Cu = if and only if w := 
^{t,u) is a classical solution (resp. supersolution, suhsolution) of Cw = 0. 

(ii) w = ^{t,u),w = ^it,u), where 

w{t,u;) := inf{^(t,0):VGC'''(A*), £V>0, V(r,-)>1>(T,e*'")}; 
w{t,uj) := sup|V'(i,0) : V G C^'^(A*), ^V' < 0, V'(r,-) < «'(T,C*'^)}. 

Theorem 3.7 Assume both (G, ^) and (G, $(r,^)) satisfy Assumptions \2. 7\ [1751 \3. 11 and 
\3.3[ Then u is the viscosity solution of PPDE ()2.12p with terminal condition ^ if and only 
if w := ^{t,u) is the viscosity solution of PPDE (j3.6p with terminal condition ^ := ^{T,^). 

We shall remark though that the above operator G is quadratic in the z— variable, so 
we need somewhat stronger conditions to ensure the wellposedness. 

4 Partial comparison of viscosity solutions 

In this section, we prove a partial comparison principle, i.e. a comparison result of a viscosity 
super- (resp. sub-) solution and a classical sub- (resp. super-) solution. This result extends 
Proposition 5.3 of [7] and is a first key step for our comparison principle. The proof is 
crucially based on the optimal stopping problem reported in Theorem 12. 3[ 
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Proposition 4.1 Assume Assumption 2.7 Let £ h[ be a viscosity subsolution and 
u'^ £ U a viscosity supersolution of PPDE ^2.12^) . Ifu^{T,-) < u^{T,-) and one of and 
is in C'^'^(A), then < on A. 

Proof We shall only prove — ^o- '^^^ inequality for general t can be proved sim- 
ilarly. Without loss of generality, we assume and v? are viscosity L-subsolution and 
L-supersolution, respectively, and G (7^'^(A) with corresponding hitting times Hj, i > 0. 
By Proposition 13.61 (or Proposition 3.14 of [7J), we may assume without loss of generality 
that 



G{t,uj,yi,z,'y) - G{t,uj,y2,z,'y) >y2-yi for all yi < 2/2- (4.1) 

We now prove the proposition in three steps. 

Step 1. We first show that, for alH > and w S Jl, 

{u'-u')tM < sii^^li^y^^.-iv'y^c-)']- (4-2) 

Clearly it suffices to consider i = 0. Assume to the contrary that 

2Tc := (u'-n')UO)-£i[{ul-ul_)+] > 0. 

Define 

Xt := {u' - u^)t + ct, It :=Xa{t<Hi}+^Hi-l{t>Hx-}, t e [0,T]; 
Y ■.= S^[X], T* ■.= mf{t>0:Yt=Xt}. 

Since is bounded from above and is bounded from below, by the definition of and 
U, it follows that X is a bounded process in U_. Applying Theorem 12.31 we have 



£o[X^,] = Yo>Xo = {u^ - n2)+(0) = 2Tc + ^[(4^ 



u 



>Tc + £o [XhJ 



Then there exists w* E such that t* ■.= t*(uj*) < Hi(a;*). Next, by the f — supermartingale 
property of Y of Theorem 12.31 we have: 



(u^ - uYit*,uj*) + ct* = Xt*{uj*) = Yt*{uj*) > £% 



H* 



>4[cHf'"*]>cf, 



implying that < (u^ - u^)+(t*,a;*) = (u^ - u^){t* ,ijJ*). Since - £ U, there exists 
H G such that 



H < H** and {u' - n^)i ''^ > for all t € [f ,h]. 



.1 



(4.3) 
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Then X 



ipt - {u'^Yt''^" for all t G [t*,H], where ip{t,uj) := (u^)*'''^' (t, a;) + ct. Observe 
that Lf G C^'^(A*'(h^ ''^ )), a consequence of our assumption G C-'^'^(A(hi)). Using again 
supermartingale property of Y of Theorem 12. 3| we see that for all r G T^*: 

That is, ip G w*), and by the viscosity L-supersolution property of n^: 

< { - - 5,<^, alv')} (f , a;*) = -c - {a^n^ + ^x^, alni)} (t* , a;*) 

< -c- {S^ni + G(.,^z\a^u\5lni)}(t*,a;*), 

where the last inequality follows from (j4.3p and ()4.ip . Since c > 0, this is in contradiction 
with the subsolution property of u^, and thus we prove 



Remark 4.2 The rest of the proof is only needed in the case where G C ' (A) \ Ci'2(A). 
Indeed, ifu^ G C^'^(A), t/ien Hi = T and it follows from Step 1 that {v}- — u'^)q < i?q [(n^ — 
< iSg [(m^ — = 0, and then Uq < Mq. In fact, this is the partial comparison 

principle proved in /?/ Proposition 5.3. 

Step 2. We shall prove below that, for any i > 1 and any F G Vl, 



A, := {u' 



ess — suf 



2\+ Ix- 



< 0, P-a.s. 



(4.4) 



where 7^l(P, Hj) := {P' G Vl : P' = P on J-a^}- Then by standard arguments, we have 



< sup E* 



Since P G Vl is arbitrary, this leads to £q [{u^ 



U 



,2^ + 



< 



induction, {u^ — u^)q < £q[{u^ — 



and by 



for all i. Notice that (n^ 



is bounded. 



CqIUi < T] — 7- as i oo, by Lemma 12.51 and > by the definition of U. Then, 



sending i — )• oo, we obtain {u^ — u'^)^ < 
completes the proof of Uq < Uq. 



0, which 



Step 3. It remains to prove (|4.4p . We start with constructing some partitions of $7. Recall 
the partition {Epj > 1} C J-Ui and the uniform continuous mappings (/J* and ^^Jj in (j2.1ip 
corresponding to G C ' (A). Fix an arbitrarily small 6^0, let — to <^ t\ <^ • • • ^ t^i — T 
such that tfc+i — tfc < 5 for /c = 0, • • • , n — 1. Denote E^, j := Ej n {t^ < Hj < tfc+i}- Then 
{E^. j '■ k, j > 1} C -Fh- form a new partition of il. Since Q is separable, there exists a finer 
partition : k,j,l > 1} C J"h, such that, for anya;,a;' G E^^^-,, II^.AH,H-'^'AH,(a;')l 



< (5. 
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Similarly, we may form a partition {E^fTj i ■ k,j,l > 1} C -7^Hi_i- Consider the finer partition 
E^, J j^n E^fjj, I, G J^Hi over all possible {k,j,l) and {k',j',l'), and renumerate them as Ej. 

Next, for each if there exists w*'-^ G E^- such that Hj(a;*'-') = min Hj(a;), we 
set uj^'^'"^ := uj''"'^ for all m > 1. Otherwise we find a sequence a;*'-'''" G such that 
^] m ■~ Hj(ci;*'-^'™') I inf ™ Hj(tj). Denote t'-Q := t^+i for the corresponding k such that 
ifc < Hj < on Ej. We wih use the following final partition: Ej^^ := Ej D — 
Hj < G -^Hi- By renumeration and by abusing the notation, we may still denote them 
as Ej G J^m with corresponding uj^ G Ej such that tj := Hi(a;-') = min^g^, Hi(a;). 

Now fix an arbitrary P G Vl and e > 0. Denote 



u := u 



Since G Z^, we have u^-- > • Then, for each j, it follows from (j4.2p that: 



+ 6 for some 



Define P G PL(P,Hi) such that, for P-a.s. u G E^j, the P"'('^) ''^-distribution of B^^ is equal 
to the Pj-distribution of , where pH^C'^)''^ denotes the r.c.p.d. Then, P-a.s. on 



where Bs 



ut+^-\j^lM (^) 



E 



7 ; s > Hj(tj). Thus, P-a.s. 



< 



(4.5) 



l^.(a;). 



We now estimate the above error for fixed uj €z Ej. Recall that each Ej is a subset of some 



El j iD Ey j, then by the construction we see that doo ((Hj_i(a;), cj), (Hj 



doo ((Hj(tj), a;), (Hj(a;-'), a;-')) < 25. This implies further that 

d^((Hi(a;) - H,_i(w),a;H,_i(<^)+. - Wh^.^h), (Hi(a;^) - Hi_i(w^), a;;;^_^(^,.)_^. - 

< doo((Hi_i(w),a;), (Hi_i(w^),a;^)) + doo ((Hi(tj), w), (Hi(a;^), w^)) + m < 45 + 7/5(0;), 
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where 

rjs{uj) := sup sup \ujs - ujt\. (4.6) 

0<t<T t<s<t+5 

Then, since is continuous, by (j2.1ip we have 

- = <M - < p'-\^s) + p'-\^s + mi^))- (4.7) 

Note that (f230|l leads to 

Hi+i {UJ^ ® B*' ) - ij = Hi+1 «)h^ (^) S.*^' ) - Hi (w) . (4.8) 

Then similarly we have 

(ni)% -u1(h,+i(.;$3h,H S.*0-,a;®H,H (4-9) 

= u\Hi+i{J b'^),u^ b'^) - ni(H,+i(w ^H,(a.) ^.*0,a; < V(25). 

Moreover, let p denote the modulus of continuity function of —v? ^U_m (j2.2p . Then: 

u\._{ljj^) — u\._{ljj) = U^{tj — ,OJ^) — U^{tj — ,Uj) + u'^{ij — ,uj) — u'^{Hi{u}) — ,u>) 

< p{6)+ sup [u^{t-,uj) -u^{iii{uj)-,uj)], (4.10) 

Hi{LLj) — 5<t<lli{LLj) 



and, recalling (j4.8p . 



< p (doo ( (Hi+1 (w «)h, (^) i?*^- ) , (uj) B*' ) , (h»+i {uj^ ®i, B*' ) > % B^'))) 

< p(doo((Hi(a;),u;),(Hi(a;^),a;^)) +%(#0) < p(26 + r]siB'^)) . (4.11) 



By ()4.9p . ()4.1ip . and noting that that u is bounded, we obtain 

Plug this and (14. 7p . (I4.10p into (14. 5p . we obtain By the above estimate, we can now conclude 
that 

A,(w) < p'-\25) + p'-\A5 + r]s{uj)) + 2p\25) + Y.^^'[p{'^^ + ^^siB'^^^ ^ ^]'^Ed^^ 
+p{6)+ sup [ti^(t-,w) - n^(Hi(w)-,tj)] +e 

lli(LLj) — 5<t<lli(LLj) 

< p'-^{25) + p^"H45 + r]s{u:)) + 2/>^(2,5) + ^ [^(25 + %(B)) A C 



+p{5)+ sup [u^(t-,a;) - M^(Hi(a;)-,a;)] + e, P-a.s. 

Hi(w)— 5<t<Hi(ti;) 
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One can easily check that Um^-^o /5^25 + r]s{B)^ AC =0. Then by sending (5 — )• and 
e — )■ in the above estimate, we obtain (j4.4p immediately. ■ 

5 Comparison and Uniqueness 

We follow Perron's approach. In light of (j3.3p . we define 

u{t,uj) := inf {?/^(t,0) : -0 G V{t,uj)}, u(t,uj) := sup{?/^(t,0) : G Hi,^)}, (5.1) 
where, 

V{t,uj) := jv^ e C^'^(A*) : \\^<oo, {C^f > on [t,r) x and > C*'"" 
V{t,u) := E C^'^(A*) : HV'+Hoo <oo, {C'^Y^'^ < on [t,r) x J]* and < C*'"^ 

By the partial comparison result of Proposition 14. H it is clear that 

u < u. (5.3) 

A crucial step for our proof is to show that equality holds in the last inequality under our 
additional assumptions. 



(5.2) 



Proposition 5.1 Under Assumptions\2.T\ \2.H\ and \3.^A we have 



u = u. 



Before proving this result, we show how it implies the comparison result for the PPDE. 

Proof of Theorem 13.41 (i) and uniqueness. By Proposition 14. H we have v} <u and 
u < u^. Then Proposition 15.11 implies < v? immediately, which implies further the 
uniqueness of viscosity solution. ■ 

In the rest of this subsection, we prove Proposition 15.11 We shall divide the proof into 
several lemmas. By Proposition 13.61 we shall always assume without loss of generality that 
G is strictly decreasing in y, i.e. (14. Ij) . 

We start with some estimates for viscosity solutions of PDE (|3.2p . 



Lemma 5.2 Assume Assumptions \2. 7| and \3.1\ Let /i* : dOf — )• M 6e continuous, i = 
1,2, and he the viscosity solution of the PDE (E)*'q with boundary condition /i*. Then, 
denoting 5v := v"^ — v"^ , 6h := — h'^. 



6v{s,x) <£i°[{6h)+{ii,x + B^)], where u := T A mi{r > s : \x + B'^\ = e}. (5.4) 
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Proof By standard results, or see [7] Proposition 4.8 for path dependent case, the function 
w{s, x) := Eg" {5h)~^{ii, x + B^) is a viscosity solution of the nonlinear PDE: 

-dtw - Lo\Dw\ - - sup {cr^ : D'^w} = on Of, and w = on dOf. 

^ 0<(T<v^L^/d 

Let K he & smooth nonnegative kernel with unit total mass. For all rj > 0, we define 
the molification := w * of w. Then is smooth, and it follows from a convexity 
argument in Krylov [TT] that w"^ is a classical supersolution of 

-dtw"^ - Lo\Dw'i\-]- sup : 1)2^''} > on Of , 

^ 0<cr<V2L^Id (5.5) 

w'' = {6h) * K'^ on dOl 

We claim that 

+ f 2 is a supersolution of the PDE (E)*'q, where := + \\w^ — (^/i)"^ ||Loo(g0£:)(5.6) 

Then, noting that w"^ + v'^ = + h'^ + \\w^ — (<5/i)'''||L°°(ac'f) > = on dOf, we deduce 
from the comparison principle Proposition 13.21 (i) that w'^ + v'^ > on O^. Sending ?7 \ 0, 
this implies that 5v < w, which is the required result. 

It remain to prove that w'^ + f ^ is a supersolution of the PDE (E)*'q. Let (to, xq) G Of, 
(f) G Ci'2(C)f) be such that = (</>- zl;^ - v'^){to,xo) = max(0 - w'^ - w^). Then, it follows 
from the viscosity supersolution property of v'^ that L*'^((/) — w^){to,xo) > 0. Hence, at the 
point {to,xo), by (|4.ip and (jS.Sp we have 

= -dtw^ - 5*'"(., 0, DcP, D^^) + <?*■-(., CP - w\ D{cp - w^), D\cp - w^)) 

> -dtw^ - g*'-(., 0, DcP, D^^) + (., 0, !)(</. - w^),D\^ - w^)) 

> Lo\Dw''\ + - sup {a'^ : D'^w''} -a- Dw'' -J : D^w'' > 0, 

^ 0<(T<V^7'd 

where |a| < Lq and < 7 < LqI^, thanks to Assumption 12.71 This proves (15.60 . ■ 

We next introduce some notations, as in [7] Section 7. Let to = 0, = 0, (ti)j>i an 
increasing sequence in (0, T), and (xj)j>i a sequence in M'^. For all n > 0, set 7r„ := 
{ti,Xi)o<i<n, w^" := X]j=o^i' ^ ^ ^^"^ w'^" G be the linear interpolation of 
{{ti,u}l")o<i<n,{T,^t")}- Moreover, for t G {tn,T] and x G M"', let vr^'^ := (vr^, (t, x)), and 

£ .a; 

denote similarly u'^" G as the linear interpolation of {(tj, w^" )o<i<n, {t, ^j^t" +^)' ^t" ~^ 
x)}. 



17 



Lemma 5.3 Assume Assumptions \2. 7| , \3.1\. and \3.SX Let \xi\ = e, i > 1, for some e > 0. 
There exists a sequence of continuous functions (7r„,t,x) i — > 9^{TTn,t,x), bounded uniformly 
in {s,n), and such that: 

(^ni'^n', ■) is a viscosity solution of (E)*"q'^ , 

0^(7r„;r,x) = eK""), \x\<s (5.7) 
0^(7r„;t,x) = 0^+i«'^;t,O), t G {tn,T),\x\ = e. 

Proof We proceed in two steps. 
Step 1. Denote 

9{v,z,l) ■■= sup [a • z + ^/3^ : 7] +Lo|y| + C'o; 

|a|<Lo,/3<y2I^-fd, 

9{y,z,j) := inf [a • z + ^/3^ : 7] - Lo|y| - C'o 

H<Lo,P<V2L^Id, ^ 

It is clear that 

g<G<g. 

We first prove the lemma in the cases G = g and G = g. Indeed, as in [7] Section 7 
for semilinear PPDEs, in these cases we may have explicit representation for the required 
functions. 

For any N , denote 

and for n = Ni, - ■ ■ ,0, 9 := 9% n(^ni ') the unique viscosity solution of the following PDE: 

- dt9 - g{9, D9, DH) = in O^, 9{t, x) = r^,„+i(vr„, {t, x); t, 0) on dOl . (5.8) 

Then clearly ^^„(7r„; t, x) are uniformly bounded and continuous in all variables (7r„,t,x). 
Following standard arguments, we have the following representation: 

r^r.{^n,t,x) := sup ^f°U"-"'"*cfu;n--"^^"'*'^')'^^'°V^O ^^'"'-'''d^ 
beB\ L V ^ Jt 

where, B\^^ denotes the collection of all F*-progressively measurable scalar processes bounded 
by Lo, and for any {t,x) G O^^: 

ni:=mf{s>t:\x + Bl\=e} AT, H^+i := {s > H, : |5* - J = e} A T, i > 1; 
nf(7r„,t,x) := (7r„,(Hi,x + 5*J,--- , (h^, 5*^ - J) . 
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Define 



sup £ 



■Lo 



Then, by Lemma l2.5t 



|<(7r„, t, x) - 4,n(7rn, t, x)\ < CCt° [iiN-n < T) ^ as iV ^ oo. 

This imphes that 0^„(7r„;i,x) are uniformly bounded and continuous in all variables 
{■Kn,t,x). Moreover, by stability of viscosity solutions we see that 

0^(7r„; •) is the viscosity solution of PDE ()5.8p in Of^ with boundary condition: 
^^(7r„;r,x) =eK"'''), |x|<e, ^^(7r„; t, x) = t, 0), t G (t„, T), |x| = e. 



Similarly we may define the following 9^ satisfying the corresponding properties related G: 



9l{7rn,t,x) := inf ffofeii^ lim efw^'^^-*'^)) + Co / e^t^rdr^^ 
Step 2. We now prove the lemma for G. Given the construction of Step 1, define: 



'm 



{7rm;t,x) := 9^{TTm;t,x), t, x) := ^^(vTm,; t, x); m > 1. 



By Proposition 13.21 (ii), for n = m — 1, • • • , 0, we may define 0^'™ and 9^"^ as the unique 
viscosity solution of the PDE (E)*"q'^ with boundary conditions 0^'"* = ^^'^i and 
on dO^. Note that, for {t,x) G aOf^, 



-n 



m 



as,m 
1 "m 



(^n^;t,x)=r„™+i(7r^-t,0). 



By the comparison result of Proposition 13.21 (i) , we also have that 



^£,m , 



in Of , 



and therefore, by the same comparison argument: 



C"(^n; .) > <'™"*''(vr„; .) > C'^^+^lvr^; .) > ^^'-(7r„; .) in for ah n < m.(5.10) 

Denote (J^^'"" := 0;' - For any 7r„ and any £ Of^, recall the notations in (j5.9p . 

Applying Lemma [52] repeatedly, and following similar but much easier arguments as those 
in Steps 2 and 3 of Proposition 14.11 we see that: 

\69f^"'{TTn;t,x)\ < £t'\ 69'^'^(Um-n{7Tn,t,xy,H^.n,0 
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Note that 56n^{'Kn] t,x) = ^ when t = T. Then, by Lemma 12.51 again. 



|50^''"(7r„;t,x)| < CCi 



Lo 



as m — ^ oo. 



Together with ()5.10p . this imphes the existence of 6^ such that 

On"" i fn, In"" t ^n, aS m ^ OO. (5.11) 

Clearly 0^ are uniformly bounded and continuous. Finally, it follows from the stability of 
viscosity solutions that satisfies (|5.7p . ■ 

We now define Hq := and 

H^_^^ := T A inf {t > : |Bf - | = e} for all n > 0. 

Then clearly satisfies the requirements of Definition 12.61 Let 7r„ denote the sequence 
(h|, )^<;j<„) and o;^ := lim„_i.oo i^'^" • It is clear that 

||a; — w^llr < e and — a;||t < 2e, for all t,n,ui. (5-12) 

Lemma 5.4 Assume Assumptions \2. 1\ \ and Then there exists if)^ £ C^''^{h) 

hounded from below with corresponding stopping times such that 

^^J%0,0) = 0§(O,O) +e, i'%T,u;) > ^K), LH"''^*>^ > on [<,H^,+i). (5.13) 

Proof For notational simplicity, in this proof we omit the superscript e and denote 9 = 0^, 

= ip^ etc. Set 5n := 2~"~^e. We prove the lemma in two steps. 
Step 1. First, by applying Assumption 13.11 to PDE (E)*°q'^ °, there exists a function vq E 
Ci'2(Oo) such that 

t;o(0, 0) = 00(0, 0) + |, LO.%0 > in 0§, t;o > on 90^, 

Set 

V'(t,w) :=wo(t,^^t) + X]'^^' *e[0,Hi]. (5.14) 

j>0 

By the monotonicity (j4.ip . it is clear that 

V'^(0,0) -0g(O,O) = | + ^(5i = e, and L°'V > L°'% > 0, tG[0,Hi). 

i>0 
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When Hi < T, we have 



■uo(Hi,a;Hi) > 6'o(Hi,tJHi) = 6*1(71-1; Hi, 0), 

Moreover, it is clear that tp € C^'^(A(hi)), tp , dtip , d^jip , d'^^^ip are ah bounded on [0, Hi), 
and ip(iii,uj) satisfies ()2.1ip with £'1 = Q, ip^ = J2i>o^i^ ^ ^ [OiHi], and ^'1(^5'^) = i^o{t,uJt). 

Next, for each vri := (ti,xi) G QOq, applying Assumption 13.11 to PDE (Efj^l^ \ there 
exists a function fi(7ri; •) G C^'^(d)fJ such that 

vi{Tri;ti,0) = voim) + 5o, L^^'^^'i-i > in Of^, vi{Tri; ■) > 9i{7ri; ■) on dO^, (5.15) 

Set 

il>{t,uj) := vi{7ri;t,ujt - ujhi) + '^6i, tG(Hi,H2]. (5.16) 

i>l 

It is clear that 

^ c1'2(^A"'^'^^(h2'^'^)'")) and , dttp , d^i; , d^^i; are bounded in [hi,H2). 

We shall prove in Step 2 below that 

we may construct vi so that vi satisfies (j5.15p and ip{H2,uj) satisfies ()2.1ip . (5.17) 

Repeating the above arguments we may construct a sequence of functions f„ and thus 
1 2 

construct ^ C ' (A) satisfying ()5.13p . Finally, by Lemma [531 > —C. By applying the 
comparison principle Proposition 14. II we see that f„ > — C, and thus > —C. 
Step 2. We now prove (|5.17p . Let 77 > 0, A > be small numbers which will be decided 
later. Set Si := (1 — 7?)*T, i > 0. Since OOq is compact, there exist a partition Di, ■ ■ ■ ,Dn 
of {y : \y\ = e} such that \y — y\ < r] for any y,y £ Dj , j = 1, ■ ■ ■ , n. For each j, fix a point 
yj G Dj. Now for each (i,j), thanks to Assumption 13.11 let w^j denote the unique viscosity 
solution of the PDE (E)!'^"^ with boundary condition w^^{t^x) = 6i{si,yj;t A T, x) + X 
on dOsf ■ Then by standard arguments there exist rjQ^X) and Co(A), which may depend on 
Lq, a and the regularity of 61, such that, for all r] < ?7o(A), 

< wfjit, x) - Oiisi, yj;t AT,x)< Co(A) on O^f 

In particular, the above inequalities hold on dO^.. Then, by the comparison principle 
Proposition 13.21 (i) and Lemma 15.21 we have 

< w^^{t, x) - 9i{si,yj; tAT,x)< Co{X) in O^f. (5.18) 
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It is clear that lim;^^o C'o('^) = 0- Fix Aq such that Co(Ao) < Then 

Wij{si,0) < 9i{si,yj;si,0) + y = %{si,yj) + y < vo{si,yj) + —. 

Now for rj < t/oI-^o); by Assumption 13.11 there exists Wij G C^'^{Osf) satisfying 

w,j{s,,0) = vo{s,,yj) + ^, L'-^^'""'^Wij > in Off, w,, > wf^' on aOff . (5.19) 

We note that, by the comparison principle Proposition 13.21 (i) again we have 

Wij{t, x) > wf°{t, x) > diisi, yj;tA T, x) on O^f . (5.20) 

Now for any vri := {ti,xi) G OOq, there exists unique such that Sj+i < ti < Si and 
xi £ Dj. Define 

vi{-Ki;t, x) := Uo(7ri) + — (5.21) 
+ ^^{s,+i,s,]xD,{tl,Xi){wij{Si - ti +t,x) -Vo{Si,yj)), {t,x) G Oj^. 

Clearly the above vi is measurable in all variables {ti,xi,t,x) and, by (|5.19p . 

fi(7ri;ti,0) = ■uo(7ri) + (5o. 
By choosing rj small enough, we may have 

\vo{si,y,)-vo{7:i)\<^ and po (?/(l + T + e)) < ^. (5.22) 

Then 

vi{TTi;t,x) > Wij{si -ti + t,x) + —. (5.23) 

Denote by the unique pair of integers such that {ti,xi) G (s.j+i,Si] x Dj, and i := 
Si — ti + t. By (j4.ip we see that 

L*i''^"'t;i(7ri;t,x) > L*i''^'' vi(7ri; t, x) - L^-'^^'^^'^tyy (t» 

= -G(t, w'^^^ , ui(vri, t, x),Dwij{i, x),D'^Wij{i, x)) 
+G{i A T, t^.^^yf \ u;^ (t, x), Z?u;,j- (t, x), Z)^^^;,^. (t, 2;)) 

> ^ - G{t,uj%^,'Wij{i,x),Dwij{i,x),D^Wij{i,x)J 
+G(^iA T, tJ.^^yf \ u-ij (t , x) , Du-ij {i, x) , D^u-y (t , x) 

> ^-/,o(doo((t,^:k\J,(tAr,a;.tf); 
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Observing that < Sj — ti < — Si^i = ijSi < ijT, it follows that: 

I ~i , s A ti s A Si 

< \t-t\+ sup |— 7 — xi yj\ 

0<s<T ti Si 

sAh sAti sAti sASi 

< riT+ sup |— — xi — yj\+ sup |— — yj yj] 

0<s<T ti 0<s<T ti Si 

^ (^ , ^\ , ,sAti sASi, 

< r][l + T) + e sup 



0<s<T ^1 Si 

rj{l + T)+ e[l - ^] < + T) + e [1 - ^] = 7?(1 + r + e). 



This, together with (|5.22p . imphes that 

L*^''^^^i(7ri;t,x) > ^-po(?7(l + r + e)) >0. 
Moreover, by (15.231) and (j5.2()p we have 

^0 

{vi - 6'i)(7ri;t,x) > ^ + ^lisi^Vj] {si - h + t) AT,x) - 9i{-Ki;t,x), 

which is positive when rj is small enough. This proves that vi satisfies (jS.lSp . 
Finally, recall ()5.16p and ()5.2ip . For each define 



El - := {si+i < Hi < Si} n {Bhi G Dj}, 
^Xjit,^) ■= vo{t,uj) + T - vo{si,yj), ^lj{t,uj) := Wij{si + t,x). 



Here we are using (i, j) instead of j as index. Then it is straightforward to check that 
t/;(ii2,co) satisfies (|2.1ip . ■ 

Proof of Proposition 15. IL For any e > 0, let H^, n > 0, and ^p'^ be as in Lemma EH and 
define := tp'' + pQ{2e). Then clearly ■0^ S C^'^(A), is bounded from below, and 

V^"(r, oo) - ^{u) = i^%T,u) + po{2e) - ^{u) > - C(^) + Po{2e) > 0. 

where the last inequality thanks to (j5.12p . Moreover, for H^, < t < H„+i, by (|4.ip we have 

> G{t,uj%^,ij',d^r,dLr)-G{t,LO,i;' +po{2e),d^ij',dl^ij') 

> po{2e) + G{t, Lo%^,i;',d^r,dLi^n - u, i;',d^i;', dl^^) 

> poi2e) - po(\\u%^ - uj\\t) > 0. 
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Then by the definition of u we see that 



u{0, 0) < /(0, 0) = ^^(0, 0) + poi2e) < 0§(0, 0) + e + po{2e). 

Similarly, u{0, 0) > 6l§(0, 0) - e - po{2e). This implies that 

u{0, 0) - u(0, 0) < 2(e + po{2e)) . 

Since e > is arbitrary, we prove that u(0,0) = u{0,0). Similarly we can show that 
u{t,u)) = u{t,uj) for all {t,uj) G A. ■ 

Remark 5.5 In some special cases where a candidate solution of the PPDE is available 
through some representation. Proposition 15.11 can be proved by a much easier argument. 
See [7] and [5] in the context of a semilinear PPDE. 



6 Construction of a viscosity solution 

By the previous Proposition 15.11 we have u = u =: u. In this section, we show that n is a 
viscosity solution of our PPDE. We first verify that u has the required regularity. 



Proposition 6.1 Under Assumptions and \3.3l we have u €zU and u£L[. 



Proof We only prove the claim for u. The proof for u is similar. 

(i) We first show that u and u are bounded. Fix and set 

2P{s,u,) :=Co(Lo + l)e(^''+^)(^-^). 

Then G ^^■^(A*), Vt > Co(Lo + 1) > Co > C*''^, and we compute that 

{C^P)l'^ = (Lo + 1)V. - G*'"(-, ^s, 0, 0) > V', - G''^{; 0, 0, 0) > C7o(Lo + 1) - Co > 0. 

This implies that G V{t,uj), and thus n(t, tj) < 0) = Co(Lo + l)e(^o+i)(^"*). Similarly 
one can show that u{t,uj) > -Cq{Lq + l)e^Lo+i)(T-t) _ gy 

we obtain 

-Co(Lo + l)e(^o+^)(^-*) <u<u< -CoiLo + l)e^^o+i)(T-t) _ 

(ii) We next show that u is uniformly continuous in u, uniformly in t. For t G [0, T] and 
uj^jOj'^ G il, and ip^ G denote 6 := \\uj^ — uj'^\\t and introduce the process 

i^^s,^) := i^\s,co) + (Lo + l)e^'^o+i)iT~s) L ^ 
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)s 



Clearly e ^^'^(A*), and 

= + (Lo + 1) \pq(S) + 6\> e^"' + po('^) > ^* 

Moreover, 

>(Lo + l)2[/9o('J) + 5] -Lo(<5+|V'-V''l) = [Lo + l]po{S) + 6 > 0. 

Then S 'D{t,uj'^), and therefore u(t,uj'^) < ip'^{t,0), implying that 

u{t, a;2) - 0) < 0) - i^\t, 0) = (Lq + l)e(^«+^)(^-*) [po(<5) + 6] < C[po{6) + 6]. 

Since tp^ G D(t,ct;^) is arbitrary, we obtain u{t,uj'^) — u{t,uj^) < C6. By symmetry, this 
shows the required uniform continuity of u in uj, uniformly in t. 

(iii) We now prove that —u satisfies (j2.2p . For ti < t2 and (x> G J7, fix some G ^(^2)^), 
and consider the following PPDE on [ti,t2]: 



(6.1) 



-dtuo - Co - Lo\uo\ - Go{du,uo,dl^uo) = 0, t G [^1,^2),^ G 
uo(t2,c:') = V^(t2,0) + e^«(^-*2Vo(doo((ii,w), (^2,0;)) + HwHt^), 

where ^0(2,7) := sup|Q,|<^^ i3<^^2L^iA'^''^ ~^ ^^"^ ' "^^^^ PPDE clearly satisfies Assump- 
tions 12.71 12.81 and 13.31 (with T = 12). We shall prove in Proposition 17.21 (i) below that it 
also satisfies Assumption 13. 1[ Then, it follows from the comparison result of Theorem 13.41 
(i), which we proved in the previous section, that the PPDE ()6.ip satisfies the comparison 
result. Next, in our accompanying paper Proposition 4.8, the solution uq of PPDE (|6.ip 
is constructed by means of a convenient stochastic control representation (or equivalently, 
a second order backward SDE), and satisfies: 



(6.2) 



|7Xo(ti,0)-V''(t2,0)| < C4°[po(doo((ti,w),(i2,t^)) + ||S*Mlt2 

< Cp(doo((tl,C^),(t2,w))), 



for some modulus of continuity p. Moreover, by the comparison result together with Propo- 
sition 15.11 which we proved in the previous section, this unique viscosity solution of PPDE 
(j6.ip satisfies uq = uq. Then for any e > 0, there exists ip"^ G ^^'^(A*^) such that 



-0^(^1,0) < no(ti,0) + e, 4>^{t2,oj) > no(t2,w); 
-dti'^ -Co- LolV'l - Go(a,V\ fi'LV'') > 0. 



(6.3) 
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Therefore, for t G [^1,^2)1 

> Lo|V''l+Go(a^^\alV')-G(-,^\a^V'\9lV'') + G(-,0,0,0) > 0,(6.4) 

by Assumption 12.71 and the definition of Go . 
Now extend to [t2,T] by 

^Ht,^) := V''(i,c:'*')+ (V''(i2,^)-V''(i2,0))e^o(*2-*). (6.5) 

It is straightforward to check that tp^ £ (^^'^(A*^). It follows from (j6.1|) and (j6.3|) that 
?/'H*2,w) > ^0(^2,^^) > V'^(t2,0), and thus ?/'^(t,w) > V^(t,a;*2). Then by dm we have, for 
t e [i2,T], 

-rV'^ = -^t^l^^ + Loi^l^'-iJ\t,Co''))-Gi■,iJ\^^^^J^^Li^^) (6.6) 

> Lo(V^ - V'(t,^*^)) + G(-,V^2^9^V'',€>') - G(-, > 0. 



Moreover, by jESj), ([ES]), and iUll . 

V'^(r,a;) > V'(T,L;;*^) + (uo(i2,^)-V''(i2,0))e^«(*2-^) 

> e*^'-(^:D*2)+po(doo((ti,a;),(t2,a;)) + ||cD||t,) > C*^'"((I;). 

This, together with (16. 4p and (16. 6p . implies that V'^ £ ^(iiif^)- Then it follows from (16.3 
and dOD that 

u(ti,w) < V'^(ti,0) <no(ti,0)+e< V'^(t2,0) + C7/9fdoo((ti,a;),(t2,a;))) +e. 



Since G V{t2,uj) and e > are arbitrary, this provides (|2.2p . 

(iv) By Remark 3.2 in [6j, it remains only to prove u is right continuous in t. By (iii), it is 
clear that lim ,|^ u{s, w) > u{t, uj). On the other hand, for any e > 0, there exists ^ E P(t, w) 
such that tpitjO) < u{t,uj) +e. Clearly -0(5,0;*) > u{s,u:). Since is continuous, we obtain 

limu(s,cj) < lim0(s,a;*) = ip{t, 0) < u{t,ui) + e. 

Since e is arbitrary, this completes the proof. ■ 

Proposition 6.2 Under Assumptions 2.7 and \3.3l u (resp. u) is a viscosity Lo-supersolution 



(resp. Lq- sub solution) of PPDE (j2.12p with terminal condition ^. 
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Proof Without loss of generality, we may assume that the generator G satisfies (|4.ip . 
and we prove only that u is a viscosity Lo-supersolution, and we check only its viscosity 
property at t = 0. 

First, for any ■0 £ ^(0,0) and any G A, it is clear that V'*''^ G V{t,uj) and then 

ip{t,uj) > u{t,u}). Thus we have the following partial Dynamic Programing Principle: 

m(0,0) > inf 11/^(0,0) : V G C'^'^(A), (>CV')s > 0, s G [0,r] and > n^} for r € T. (6.7) 

Now assume u does not satisfy the viscosity Lo-superproperty at (0, 0). Then by [7] Remark 
3.13 (i), there exists ip £ A^°u{0,0) such that i^(0,0) = u(0,0) and -c := £(^(0,0) < 0. 
Let H be the stopping time required in A °u(0, 0). By ()6.7p . there exists tp^ G C'^'^(A) such 
that 



'(A"(0, 0) i u(0, 0) as n ^ oo, (£V")s > 0, s G [0, h] and < > ^^h- 
Since 99 G A^°u{0,0), this implies for all P G Vlq and n that: 



> E'^ 



if - u)k 



(6.8) 



(6.9) 



Since (p G C ' (A), without loss of generality we may assume C(f{t,uj) < — | for all t < a. 
Recall (Hai) and denote G^c/) := • d^cp + ^(/^P)^ : S^^,/.. Then, denoting Sn := (V-" - u)o 
and applying Ito's formula in ()6.9p . it follows from (j6.8p that: 

fH 



> 

> E^ 

> E^ 







G(., if, d^^, dl^ip) + G{.,n, d^r, dLr) + G^iip - r))ds 



where the last inequality follows from (|4.ip and the fact that u < ip'^ hy (j6.8p . Since ipo = mq, 
if,u£ C^{A), and G is uniformly continuous in y, for possibly smaller H: 



5n > E" 



Gi.,uo,du.V,dl^^) + G{.,uo,d^r,dLr)+Q^{'p-r))ds 



We emphasize that the above H is independent of n. Now let > be a small number. For 
each n, define Tq := 0, and 



'i+l 



H A inf {t > : po{d^{{t,uj), {t^,oj))) + \dMt,oj) - 5^</'(rf ,w)| 
+\dlMt,u;)-dlMTr,u;)\ + \d^r{t,u:) - d^r{rt 
+\dLr{t,Lo)-dLr{r^,io)\>v}. 



27 



By the smoothness of G, 99, and one can easily check that r" t H as i — >• 00. Then 

+J;E^[(rr+l-r^){G(.,IIo,5^V'^€.V'")-G(.,no,a^(/.,5l(^)+gP(<^-r)}./ 

i>0 

By Assumption 13.31 we may choose P„ G Vlq such that 

{G{.,uo,d^r,dLr)-G{.,uo,d^^,dl^^) + g^{ip-r)}^n = 0. 

i 

Then (5„ > [| - CryjE'^" [h]. Set ry := g^, we have (5„ > ^^'^''[h]. Sending n 00 we 

obtain ^■^°[h] = 0. However, since H G 7^, one can easily show that ^^"[h] > 0. This is a 

contradiction. ■ 

Finally, we may complete 
Proof of Theorem 13.41 Existence. Recall from Proposition 15.11 that u := u = u. Then, 
Propositions 16.1] and 16.21 imply immediately that n is a viscosity solution of PPDE (j2.12p . 



7 On Assumption 13.11 

In this section we discuss the validity of our Assumption 13.11 which is clearly related to 
the classical Perron approach, the key-argument for the existence in the theory of viscosity 
solutions as shown by Ishii [TD]. However, our definition of I; and v_ involves classical super- 
solutions and subsolutions, while the classical definition in [lOj involves viscosity solutions. 
The main issue here is to approximate viscosity solutions by classical supersolutions or sub- 
solutions. This is a difficult question which requires some restrictions on the nonlinearity. 
In this section, we provide some sufficient conditions, and we hope to address this issue in 
a more systematic way in some future research. 

For the ease of presentation, we first simplify the notations in Assumption 13. li Let 

0:={x£W^ ■ \x\ < 1}, O := {x G M*^ : |x| < 1}, dO := {x G : |x| = 1}; 

(7.10) 

O := [0,T) X O, 0:= [0,T] x O, dO := {[0,T] x dO) U ({T} x O). 
We shall consider the following (deterministic) PDE on O: 

Jjv := —dtv — g{s,x,v, Dv, D'^v) = in O and v = hondO. (7-11) 
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Assumption 7.1 (i) g and h are continuous in {t,x), 

(ii) g is uniformly Lipschitz continuous in (y,z,^), and nondecreasing in 7, 

(iii) The PDF (|7.1ip satisfies existence and comparison in the sense of viscosity solutions 
within the class of hounded functions. 

More precisely, tlie last item (iii) states that for any bounded functions satisfying 
Lf ^ < < Ijv^ on O, in the sense of viscosity solutions, and < /i < u ^ on dO, we have 
< v^. Define 

v{t,x) := inf ^w{t,x) : w classical supersolution of PDE (j7.1ip |. 

:= sup|t(;(t, x) : w classical subsolution of PDE (j7.1ip |. 

By the comparison principle we have y_ < v < v, where v denotes the unique viscosity 
solution of PDE (Tmi) . 

Our main result of this section is 



Proposition 7.2 Under Assumption 7.1, we have v = v_ in the following three cases: 

(i) g is convex in {y,z,j), gs{.,'y) := inf^ggd {g(.,7 + A) - 6Id : A] > -00 forO<5< cq, 
for some cq > 0, and gs — > g as 5 \0, 

(ii) g is convex in 7 and uniformly elliptic: for some constant cq > 0, 

^(^Ti) -5'(-,72) > co/d : (7^ -7^) for any 7"^ > 7^- 

(iii) g is uniformly elliptic and d < 2. 
Proof Without loss of generality we assume 

ai^yi,-) - 9{;y2,-) < y2-yi for all yi>y2- (7.12) 



(i) We proceed in two steps. 

Step 1. Let be a smooth molifier on O, and define := v * ~\~ cs for any (5 > 0, where 
C5 := supg0 \v * — h\. Then G C^''^{p) and > h on dO, and by the convexity 
argument of Krylov [11], it follows that satisfies in the viscosity sense: 

-dtw^ -g{.,w\Dw\D^w^) > {-dtv-g{.,v + cs,Dv,D\)}*fis 

> {- dtv - g{.,v,Dv,D^v)} * us = 0, 

where we used (|7.12p . This implies v < . Note that — v < 2cs on dO. Following 
similar arguments as in Lemma 15.21 one can easily show that IZJ^(0,O) - v{0,0) < Ccs. 



29 



Clearly C5 ^ as (5 \ 0, then v{0, 0) = v{0, 0). 

Step 2. Let < 5 < cq. Then gs < g, and for any 7' G S^J., we directly verify that 
gs{.,^) = inf {g{.,j + ^' + A)- 6Id: (A + ^')} 

< mf 7 + 7' + A) - 6Id : + 7')} = -Sid : l' + 7 + tO, 

that is 55 is uniformly elliptic. Finally, consider some A G [0,1], 70,71 G S'^, and set 
7 := (1 - A)7o + A71. For all Aq, A\ e S+, we have 

55(-,7) < 5(.,7+(l-A)Ao + A^i)-5/rf: ((l-A)Ao + AAi) 

< (1 - A) (5(70 + ^0) - Sh : Ao) + A (5(71 +Ai)-6Id: Ai). 

By the arbitrariness of Ao,Ai in this shows that gs is convex in 7. 

Next, let g"^ and /i" be smooth molifiers of gs and h such that f 5(5 aiid h 
uniformly. Note that g^ inherits the uniform ellipticity. Then we may apply Theorem 14.15 
of Lieberman [12J to deduce the existence of a unique bounded classical solution uf^'^ of the 
equation 

-dtnt'^ - g'^{.,w!'^\Dnt^\D'^ut'^) =Q on O, and nf'^ = W on dO. 

This implies that Lu;"''' < in O and w^^^ < h on dO, and thus u;''''^(0,0) < v(0,0). By 
the comparison and the stability of viscosity solutions, it follows that w""'^ f u/, where 
is the unique viscosity solution of 

-dtn/ - gs{.,w\Du/,D^u/) =0 on O, and u/ = h on dO. 

Note that gs '[ g as 5 I 0. Then by the comparison and then stability of viscosity solutions 
again we see that t v. This implies that v{0, 0) = v{0, 0). 

(ii) For any a > 0, we define O" := {x € R'^ : \x\ < 1 + a}, := [0, (1 + a)T) x 0°, and 
similar to (I7.10p . define their closures and boundaries. Let fi,r] be smooth mollifiers on O 
and xRxR'^ xS'^ and define: for any a' > 0, 

hait,x) := {h* (t,x)GO", 
go{t,x,y,z,-f) := min {g{t' , x' ,y, z,-f) + 2po{\t - t'\ + \x - x'\)} 

9a' ■■= {90 * Va'), {t, x, y,z,j) eO^ xRxR'^ X S'i. 

By the uniform continuity of g, we have c(a') := \\g — g^' ||oo — ?• as a' \ 0. Set 

9^, ■= 9a' - c{a), and g^' ■= ga' + c{a). 
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By our assumptions on g and h, it follows from Theorem 14.15 of Liebermann [12] that 
there exist v^a'j^a,a' ^ C^''^{0°') D (7(0") solutions of the equations: 

(E^^^,) : -dtv - g^,{-,v,Dv,D'^v) = in O", and v = K on dO°' 
(Ea,a') ■-dtv-g^,{,.,v,Dv,D'^v) = in O", and v = on dO°', 

respectively. In particular, their restriction to O are in C^'^(C'). By comparison principle, 
Ha a' ^ Va,a'- Moreover, it follows from (j7.12p that: 

g^,{.,y + 2c{a'),.) < y, .) - 2c(a') = y, .)• 

This shows that Va,a' + 2c(a') is a classical supersolution of {Ea^a')i and therefore 

t^Q,, + 2c(q') > u„,Q,' > 

Additionally, notice that the solutions Va,a'^^a,a' bounded uniformly in a, a' for a, a' 
small enough. The generators g^,,'g^i have the same uniform ellipticity constants as g, and 
they verify the hypothesis of Theorem 14.13 of Liebermann |12j uniformly in a' . Therefore 
v^a'^^a,a' are Lipschitz continuous with the same Lipshitz constant for all a, a'. Then, 
denoting h^^a' '■= ^a.a'l^^ and /Iq,,^' := l^a,«'lac" implies that 

c(a, a') := max { ||/iq_q,' — /i||oo, II/Iq Q,' — /i||oo} — > 0, as a — 0, uniformly in a. 

Now for fixed e > 0, choose uq, Oq > so that c{ao, a') < e/4 for all a' > 0, and 0(0^) < e/4. 
Then, Wa^^a'^ '■= ^qo.Qo + c(aoi ct'o) and w^^^a'^ ■= l^«o,a(, ~ c(ao, Uq) are respectively classical 
supersolution and subsolution of ()7.1ip on O. Thus Wao,a'g ^ H and > v. Therefore, 

V-V< W^^y^ - W^g^a'^ = Vao,a'o " Vao,a'^ + M^O, a'o) < M<^o) + 2c(ao, Oq) < £. 

Then it follows from the arbitrariness of e that v = v. 

(iii) We refer to Pham and Zhang [191 for the proof in this case. ■ 
Remark 7.3 (i) Proposition l7.2l (i) allows to deal with degenerate PPDEs. For example, in 



the case of degenerate G-expectation with G = G{'y) = ^ supo<o-<CT 

a^7+ — ^7" 



o"^7], one can compute 
and thus satisfy the 



straightforwardly that 5(7) = ^^^7^ and 55(7) = ^ 
conditions in Proposition 17.21 (i). 

(ii) Proposition 17.21 (iii) does not require convexity of G in 7, and thus allows us to deal 
with path dependent Bellman-Isaacs equations. See Pham and Zhang |19j for its application 
in stochastic differential games. ■ 
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